Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the data needed, and completing and reviewing the collection information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing the burden, 
Introduction
There is significant research interest in developing new materials and structures with improved survivability when subjected to high strain rate loadings associated with ballistic impact and/or blast. These new material systems may be created with sub-structures and components of different length scales, the combined effect of which is to better dissipate the energy of the blast or impact. Such multi-scale systems require more advanced models of the kind discussed in this work, which are often referred to as micropolar or Cosserat models, e.g. Mindlin (1964) and Eringen (1999) . Models of this type possess additional kinematic degrees of freedom, e.g., a point in such a continuum may be capable of both translation and rotation. With additional degrees of freedom come additional constitutive properties and stress terms.
Improving our understanding of failure mechanisms and making use of this knowledge in developing improved predictive models is another aspect of ongoing research. For example, regions of armor-grade ceramics are often pulverized as a result of impact. The modeling of these post-failure comminution zones may be improved by viewing such zones as regions of granular media, another field of study where micropolar models allowing rotations of individual particles are often employed. Just as a cohesive zone has been used to model damage in an elastic strip by Gazonas and Allen (2003) , so also a micropolar layer could be used to describe the failed region in a ceramic subjected to secondary impacts.
Various experiments have been developed to characterize material properties by subjecting test specimens to impact loads and measuring resulting deformations and propagating stress waves, such as the split Hopkinson pressure bar and the plate impact test. The plate impact test, for example, effects a state of uniaxial strain well suited to a one-dimensional analysis. The analytical solutions to simplified, one-dimensional models may give insight into the behavior of materials subjected to such tests, suggest desirable constitutive properties or design parameters, and allow for the determination of constitutive properties from experimental results.
Although this work uses a one-dimensional, linear, anisotropic micropolar model to analyze the effect of instantaneously applied loads or impacts leading to transient wave propagation, there are many other works available in the literature that consider related problems. The governing equations developed in Section 2 are similar to those encountered in the study of helical springs by Jiang et al. (1991) and twisted ropes or cables by Samras et al. (1974) , Ostoja-Starzewski (2002) , and Shahsavari and Ostoja-Starzewski (2005) , namely a system of two coupled partial differential equations (PDEs). Raoof et al. (1994) modeled an impact by applying a step load to a spiral strand. In much of the literature, harmonic solutions are considered in the study of wave propagation in micropolar media. For example, harmonic solutions were obtained for wave propagation along a composite wire rope using coupled PDEs by Martin and Berger (2002) similar to those used in the present work. Krishnaswamy and Batra (1998) examined wave propagation in a linear, infinite Cosserat rod with two directors and examined the effects of dispersion while considering harmonic motion. Finally, although the majority of the literature considers the linear problem, there has been some recent work studying wave propagation in non-linear systems by Porubov and Pastrone (2004) and Pastrone (2005) .
A more general consequence of the coupled PDEs used in the present work is the existence of multiple waves. Applying a stress 0020-7683/$ -see front matter Published by Elsevier Ltd. doi:10.1016/j.ijsolstr. 2008.10.024 pulse at one end of a one-dimensional micropolar bar will lead to two axial stress waves with different wave speeds traveling down the bar. Some other examples from physics of this phenomenon include birefringence (the decomposition of a single ray of light into two waves) and wave propagation in poroelastic columns, see Cheng (2000, 2001) . This latter example results in a system of two coupled PDEs for the one-dimensional case in terms of displacement and pore pressure based on Biot's theory of poroelasticity. Two compressional waves were then observed in the resulting one-dimensional model of a poroelastic column. Plona (1980) also makes reference to Biot's theory when he discusses his experimental observations of a second compressional wave in a porous medium. It is hoped that the work presented in this paper may benefit applications with similarly coupled systems of governing differential equations.
In Section 2 of this paper, the mixed initial-boundary value problem for two different micropolar systems is formulated. The first system is a two-layer bar rigidly fixed at one end with a stress applied at the other end. The second system consists of two different micropolar bodies, a flyer and a target, impacting one another. An equivalent discrete model of a rigidly fixed bar is included to provide additional physical insight by relating the model parameters from the continuum model to the discrete model. The solution methods used for these problems are described in Section 3 and include both a Laplace transform approach and a D'Alembert approach to solving the boundary value problems. Section 4 contains five different examples including: an analysis of a discrete system, a comparison between the discrete and the continuous systems, a number of impact examples, and a study on reflection and transmission coefficients due to impedance mismatch between different materials. Finally, Section 5 summarizes the results of this work and suggests some ways these results may be used and expanded upon in future studies.
Formulation of the governing equations
The general form of the mixed boundary-initial value problem describing the behavior of a linear, one-dimensional, anisotropic, micropolar body is presented in Section 2.1. Two particular configurations, a two-layer bar and an impact problem, are formulated in Sections 2.2 and 2.3. Finally, details of an equivalent discrete model are presented in Section 2.4. Although the main emphasis is the analysis of continuous problems, the discrete problem is included to provide additional physical insight into the nature of micropolar media.
Micropolar continuum model
The balance of linear momentum and the balance of angular momentum equations for a micropolar body are given by Eringen (1999) as follows:
where the second-order tensors T and M and the vectors u and u are defined over x 2 V, t 2 T þ . The micropolar body occupies the region V in Euclidean space; time T þ is defined over the range ½0; 1Þ. For a micropolar body, there are two stress tensors: the (force) stress tensor T and the couple stress tensor M. In addition, there are two vectors describing the deformations of a micropolar body: the displacement vector u and the microdisplacement vector u. The mass density q and the microinertia j lk also appear in Eq. (2.1). Standard indicial notation is used, i.e., fug l denotes the lth component of the vector u, the notation ;k denotes the partial derivative with respect to position, and lkm is the permutation symbol. Note that there are no body force or body couple terms included in Eq. (2.1).
For the one-dimensional model under consideration, the position along the body's length is parameterized by x. The strain measures for the normal strain, e, and the micropolar strain, c, are
ð2:2Þ
As is often done in micropolar models, u is considered to be a rotation and u is an axial deformation 1 as shown in Fig. 1 . The constitutive relations for the one-dimensional, elastic, anisotropic, micropolar system considered in this work are given by
The constitutive parameters e A, e B, and e C describe the elastic behavior of the model and control the coupling, or interaction, between the two kinematic modes: extension and rotation, see the terms C 1 -C 4 in Shahsavari and Ostoja-Starzewski (2005) . (The tilde over the model parameters indicates that these are dimensional quantities; non-dimensional parameters will be introduced shortly.) Applying Eqs. (2.2) and (2.3) to Eq. (2.1) leads to the following system of PDEs: To ensure stability of the thermodynamic state of the system, it is necessary for W P 0 for all possible applied normalized strains ru and ru, see Eringen (1999) . The following inequalities are consequences of this requirement: 
ð2:13Þ
It is apparent that C controls the coupling between the translation and rotation; it will be shown that A is related to the elastic modulus for the classical, non-polar case.
Boundary and initial conditions for the two-layer problem
Consider the bar consisting of two different micropolar layers, layer 1 and layer 2, rigidly fixed at x ¼ 1 as shown in Fig. 2 . The properties for layer 1 are given by A 1 , B 1 , C 1 , and D 1 ; for layer 2, these properties are given by A 2 , B 2 , C 2 , and D 2 . If the first body is of length l, where 0 < l < 1, and the second body is of length 1 À l, it follows from Eq. (2.5) that the governing equations for the two bodies are
ð2:15Þ
where u 1 and u 1 are defined over the range x 2 ½0; l and u 2 and u 2 are defined over the range x 2 ½l; 1. Recalling Eqs. (2.12) and (2.13), the initial conditions for a stationary body with zero stress state are given by
ð2:16Þ
and
Instead of using Eqs. (2.17) and (2.18), but consistent with those equations, we will assume that the bodies are initially undeformed, i.e.
ð2:19Þ
The essential boundary conditions at x ¼ 1 are given by
while the natural boundary conditions at x ¼ 0 are given by
ð2:21Þ recalling Eqs. (2.10) and (2.11). Finally, the matching boundary conditions at the interface x ¼ l are given by
ð2:23Þ
ð2:24Þ
ð2:25Þ
for t 2 ½0; 1Þ. The complete mixed boundary-initial value problem is given by Eqs. (2.14)-(2.16), (2.20)-(2.25).
Boundary and initial conditions for the impact problem
Consider now the impact between two micropolar bodies, as shown in Fig. 3 . This problem is similar to that presented in Section 2.2 in that there are two different bodies with two sets of material properties given by the constants A 1 , B 1 , C 1 , and D 1 for the initially moving body (the flyer) and A 2 , B 2 , C 2 , and D 2 for the initially stationary body (the target). The governing equations are given by Eqs. (2.14) and (2.15).
The first body is traveling at an initial normalized velocityv and, at t ¼ 0, it impacts the target. Therefore, the initial conditions must specify both the initial velocities as in YuFeng and DeChao (1998) and Goldsmith (1999) :
ð2:27Þ
as well as the initial undeformed state, which is described by Eq. (2.19). As shown in Fig. 3 , the free ends of both bodies (x ¼ 0 and x ¼ 1) are stress-free leading to the boundary conditions
The matching conditions at x ¼ l are identical to those given by Eqs. (2.22)-(2.24) and (2.25). The mixed boundary-initial value problem Fig. 2 . A body consisting of two different micropolar layers is subjected to a known normalized (force) stress and couple stress at x ¼ 0 and is rigidly fixed at x ¼ 1. is thus given by Eqs. (2.14), (2.15), (2.19), (and), (2.23)-(2.27) 2.28 (and 2.29).
The discrete model
Although the primary goal of the present work is to study continuous problems, a brief outline of an equivalent discrete system may be helpful to provide some physical interpretation of the results. A discrete system consisting of a series of masses and connecting springs is shown in Fig. 4 . This model is similar to that introduced in the study of dynamic behavior of granular media by Lisina et al. (2001) and Pavlov et al. (2006) . Each mass is connected to each neighbor with two springs: one spring with spring constant k 0 connects the centers of each mass and one spring with spring constant k 1 connects the corners of each mass. A given mass i is allowed to translate horizontally (u i ) and rotate in the plane of the page about its center (u i ). In future work, it may be interesting to consider non-linear springs, e.g., non-monotone springs as in Balk et al. (2001) or bi-stable springs as in Puglisi and Truskinovsky (2000) or Slepyan et al. (2005) .
For a system with n masses, the total energy of the system is found by summing the energy associated with the deformation of each spring:
where only linear terms are retained from the development of the equations based on Fig. 4 . The 2n Lagrange's equations are obtained by taking derivatives of U with respect to the n discrete axial displacements and the n discrete rotations corresponding to each of the n masses. In addition to obtaining a system of Lagrange's equations, by applying a Taylor series expansion of the displacement terms we may also obtain the continuum version of the discrete model in the following form:
where m and I refer to the mass and the mass moment of inertia of each mass in the system. Comparing Eqs. (2.31) and (2.32) with (2.4), it follows that the constitutive parameters from the continuum case may be related to the discrete parameters as follows:
where V is the volume of the continuum system obtained from the discrete system. Since k 0 ; k 1 ; a; l; V > 0, the inequalities from Eq. (2.9) are identically satisfied by Eq. (2.33).
Solving the boundary value problems and the discrete problem
In this section, three different solution techniques are described for the different problems presented in Section 2. In Section 3.1, the D'Alembert method is used to solve the bar problem described in Section 2.2. This approach is particularly useful in obtaining ratios of incident, reflected, and transmitted stress waves (reflection and transmission coefficients) across interfaces separating materials with different impedance values. A Laplace transform solution is described for the impact problem in Section 3.2 and a brief description of the solution method for the discrete problem of Section 2.4 is included in Section 3.3.
Solving the two-layer problem via the method of D'Alembert
One approach that may be used to solve the boundary value problem from Section 2.2 is to use a D'Alembert formulation. Recalling Fig. 2 , solutions for Eqs. (2.14) and (2.15) for the case where both layers in a bar begin at rest are assumed to be of the form
ð3:1Þ
ð3:4Þ
The following constants are used in writing Eqs. (3.1)-(3.4):
ð3:5Þ 
; ð3:9Þ
Based on the forms of Eqs. (3.6) and (3.7), it follows that k For a non-polar material, there is infinite rotational stiffness so that there can be no rotation, i.e., B ! 1. In this situation, where E is the elastic modulus, q is the mass density, and ffiffiffiffiffiffiffiffi ffi E=q p is the classical wave speed for a one-dimensional elastic body. This shows that in the non-polar case, e A corresponds to E. We will now consider a simpler case with identical materials, i.e., the bar is homogeneous and there is no need for model parameter subscripts. It is then only necessary to solve for uðx; tÞ and uðx; tÞ with stress applied at x ¼ 0 and the bar rigidly fixed at x ¼ 1. The next step is to use the definition of (force) stress and couple stress, Eq. 
ð3:14Þ
ð3:15Þ
After taking the Laplace transform of Eqs. 3.12, 3.13 3.14, and 3.15, we may solve for the functions F 1 -F 4 to obtain
16Þ
17Þ
18Þ 19Þ where
and H½Á designates the Heaviside unit step function. The D'Alembert form of the solution will be used in Section 4.5 to obtain ratios of incident, reflected, and transmitted stress through an interface between materials with an impedance mismatch. Although the summations in Eqs. (3.16)-(3.18) and (3.19) are infinite, when a finite time t is considered, it is only necessary to include a finite number of terms in the summation due to the presence of the Heaviside functions.
Solving the impact problem via the Laplace transform
Laplace transforms will be used to solve the mixed boundaryinitial value problems from Sections 2.2 and 2.3, although the impact example from Section 2.3 will be used to demonstrate the method. After taking the transforms of Eqs. (2.14) and (2.15) and applying the initial conditions as given by Eqs. 2.19, 2.26, and 2.27, we obtain the following ordinary differential equations: At this point it is necessary to numerically invert the solutions from the Laplace domain to obtain the final solution in the time domain. The approach used in this work is the Dubner-Abate-Crump (DAC) algorithm described by Crump (1976) ; the effects of Gibbs phenomena in the solution will be reduced through the use of Lanczos's rfactors, see Laverty and Gazonas (2006) . Results from the Laplace transform solution are used in Sections 4.2, 4.3 and 4.4.
Solving the discrete problem
Using the commercial software package Mathematica, an explicit formulation is employed to solve the discrete problem. First, displacements u i and u i are calculated by multiplying the longitudinal velocity v i and rotational velocity x i by the time step Dt for each mass i. Accelerations are found by determining the net force and moment acting on each mass and dividing these terms by the mass m and mass moment of inertia I, respectively. The forces and moments acting on each mass are obtained from Eq. (2.30).
The updated velocities v i and x i are obtained by multiplying each acceleration by Dt. The process of finding displacements, accelerations, and velocities is repeated for each time step to obtain the dynamic response of the system. Results from the discrete model are used in Sections 4.1 and 4.2.
Results
In this section, five different examples will be considered that are based on the formulations and solutions discussed thus far. The first example in Section 4.1 shows a discrete model and it is used to illustrate the presence of two longitudinal waves. In Section 4.2, the discrete model is compared with an equivalent continuum model. An example of impact between two micropolar bodies with specially chosen model parameters is presented in Section 4.3. In Section 4.4, some additional impact examples are presented, including one that demonstrates the effect of impedance mismatch between target and flyer. Finally, the consequences of impedance mismatch are analyzed further in Section 4.5. In all plots shown, time (the horizontal axis) has been normalized such that when normalized time equals one, the slow stress wave has travelled the length of the specimen. With the exception of Fig. 8 , the vertical axes are normalized such that the overall length, the maximum velocity, or the maximum stress are set equal to one, depending on the results being plotted.
A discrete model
This example is the discrete equivalent to that described in Section 2.2. A discrete rod made up of 80 discrete masses (n ¼ 80, see 
Comparison between a discrete and a continuous model
In this section, a discrete example described in Section 2.4 is compared with a continuous example from Section 2.2. The problem to be considered is the rigidly supported bar shown in Fig. 2 . In the present example, the bar is homogeneous and there is no need to distinguish parameters with subscripts. From Appendix, the following constants for the continuous case are used: . To obtain the linear version of the discrete model that corresponds to the linear continuous model, it is necessary for b ! 0. A plot showing the normalized stress at the midpoint of each rod is given in Fig. 6 . The two distinct waves are visible, noting that the faster wave is twice as fast as the slower wave since C ¼ 2, see Eq. (A.1). With the exception of the oscillatory behavior of the underdamped discrete model, the two solutions correspond relatively well through the first three reflections of the stress waves, e.g., after a normalized time of two for the fast wave. After this point, the solutions begin to diverge. This is due to the fact that the boundary conditions between the two systems are fundamentally different. For the discrete model, a boundary is simply a mass at an end that is connected to only a single neighbor, while an interior mass is connected to two neighbors. In moving to the continuum, the interior structure of Fig. 4 is treated as a representative volume element and it is used to describe the behavior of the entire body. Hence, in Fig. 6 , each time a wave reflects from a boundary, the results of the two models increasingly differ.
An impact problem with tuned micropolar bodies
The case to be considered here is an impact between two identical micropolar bodies -the flyer is of length l ¼ 1=3 and the target is of length 1 À l ¼ 2=3, recalling Fig. 3 . The model parameters have been chosen, or tuned, to ensure that the first occurrence of a net tensile stress appears at the interface between the bodies at x ¼ 1=3. (In a non-polar material system, the initial net tensile stress will appear at x ¼ 2=3, which is the middle of the target.) The following constants from Appendix are used:
ð4:2Þ Fig. 7 is a shock wave position-versus-time, or x-t, diagram that shows the propagation of the stress waves (the faster wave as a . Normalized stress at the midpoint of a discrete rod and a continuous rod is shown as a function of normalized time. Since stress at the midpoint is shown, the slow stress wave arrives at a normalized time of 0.5. Fig. 7 . The x-t diagram for the impact example with tuned parameters such that the initial net tensile stress occurs at point (e), the interface between flyer and target.
solid line and the slower wave as a dashed line) through both the flyer and target immediately after impact. The points in the figure are labeled to correspond with the points to be shown in Fig. 8 . Point (e) denotes the time when a tensile stress state initiates at the interface between the flyer and the target. Only by assuming that the flyer and target remain attached can the stress waves continue to travel through the interface as they are shown to do in Fig. 7 . In a plate impact experiment, e.g., Antoun et al. (2003) , the velocity of the free end of a target plate (at x ¼ 1 for the example presented here) is measured as a function of time. The results of such an experiment are used to characterize the spall strength of the target material. Fig. 8 shows such an example for a micropolar target and flyer, characterized by Eq. (4.2). If the target and flyer were to separate when a tensile stress first appears at the interface (at point (e) in Fig. 7) , Fig. 8 would only be valid up to the velocity jump at point (c). The results of Fig. 8 suggest that a micropolar body of the type described in Section 2.1 should posses two distinct jumps in velocity, at points (a) and (b) , that are associated with the distinct waves discussed in Section 4.1. The maximum velocity does not reach the initial velocity since the impact also produces rotational motion, in other words, the initial purely axial motion generates both axial deformation as shown in Fig. 8 as well as rotational motion. If there were no rotational motion, as in the case of a non-polar body, then _ u 2 =v ¼ 1 at its maximum. In order to see the stress wave propagation for this example in greater detail, Fig. 9 shows four snapshots in time of the stress state in the flyer and the target. The arrival of the first stress wave at x ¼ 1 (at point (a) in Figs. 7 and 8) is shown in the second of these figures. The initiation of a tensile stress state at the interface is seen to occur at the same time as the arrival of an initial compressive wave (the larger wave) and a reflected tensile wave (the smaller wave) at the free end, x ¼ 1 (at Points (b) and (e) in Figs.  7 and 8) . The fact that the stress waves begin as compressive waves and are reflected from the free surfaces x ¼ 0 and x ¼ 1 as tensile waves is apparent from Fig. 9 as well.
Although analytical solutions involving a finite number of unit step functions have been used thus far, it will be necessary to resort to numerical inversions of the Laplace transforms in Section 4.4. Therefore, one final example is shown in Fig. 10 comparing the numerical solution to the exact solution that was presented in Fig. 8 . The numerical solution is found using the DAC algorithm with Lanczos' r-factors with 512 terms and a tolerance equal to
10
À4 , see Laverty and Gazonas (2006) . As can be seen, the effect of the Gibbs phenomenon is minimal and so we can be confident in the results presented in the following section that make use of this numerical tool.
Impact with different materials
Since the plate impact test mentioned in the previous section is a common approach in the study of impact, results of the type presented in Fig. 8 will be considered in the examples to follow. The normalized velocities at the free end (x ¼ 1) of a target impacted by a flyer for three different cases are shown in Fig. 11 . The three cases include the following: a non-polar flyer and non-polar target (np-np), a micropolar flyer and micropolar target (mp-mp), and a non-polar flyer and micropolar target (np-mp). The micropolar material is described by Eq. (4.2), while the non-polar material is modeled with the following parameters: Fig. 8 . The normalized velocity at the point x ¼ 1 as a function of normalized time, assuming that the two bodies remain permanently attached from the moment of impact. The points (a)-(e) are the same as those shown in Fig. 7 . Fig. 9 . The normalized stress state within the system at four different times, beginning with the top left figure and ending with the bottom right figure, is shown as a function of normalized position.
Compared with the micropolar case, the coupling constant C 1 is reduced by six orders of magnitude to reduce the coupling between axial deformation and rotation. In addition, the inertia and stiffness associated with rotation are increased by six order of magnitude. In terms of its ability to rotate, the body becomes extremely stiff (due to the increase in B 1 ) and insensitive to applied rotation deformations (due to the large microinertia that increases D 1 ). According to Fig. 11 , the initial response to impact for both micropolar targets is similar, exhibiting two distinct velocity jumps and identical wave speeds. This is due to the fact that the target materials are identical. The mismatch in material properties between flyer and target for the ''np-mp" case leads to a more complex response, as waves are partially reflected and partially transmitted at the interface between dissimilar materials. A detailed analysis of the reflection and transmission of waves across an interface with a mismatch in impedance is presented in Section 4.5.
Transmitted and reflected stress at the interface of a Two-Layer micropolar body
In addition to simply using the D'Alembert approach to solve the given boundary value problem, this approach also gives insight into the relationships between incident, transmitted, and reflected stress waves resulting from an impedance mismatch at the interface of two different materials described by different constitutive parameters. The interface is perpendicular to the direction of travel of the plane stress waves. Eringen (1999) considered harmonic plane waves traveling through micropolar bodies that reflect off of a free surface, while Ghosh et al. (2001) examined such waves transmitted across a boundary between two micropolar bodies.
For example, consider the case of two semi-infinite one-dimensional micropolar bars with an interface at x ¼ 0, see Fig. 12(a) or (b) . If the eight functions F 1 -F 8 are known, the behavior of each layer is completely described using Eqs. (3.1)-(3.3) and (3.4). If we only wish to solve for the reflection and transmission coefficients, it is not necessary to obtain all eight functions F 1 -F 8 . For example, since both bodies are semi-infinite, there is no need to consider boundaries at AE1. Only the matching boundary conditions at x ¼ 0 given by Eqs. (2.22)-(2.24) and (2.25) are used.
Based on the discussion in Section 4.1, there is a fast wave and a slow wave and each is capable of traveling towards the left and the right. Therefore, for each layer, there are four waves and four F-terms, F 1 -F 4 for Layer 1 and F 5 -F 8 for layer 2. For example, if the fast wave in layer 1 traveling to the right is the incident wave, then we are also only concerned with the reflected fast and slow waves and the transmitted fast and slow waves. In this particular case, F 2 corresponds to the incident fast wave, F 1 corresponds to the reflected fast wave, F 3 corresponds to the reflected slow wave, F 6 corresponds to the transmitted fast wave, and F 8 corresponds to the transmitted slow wave, see Fig. 12(a) . The terms containing F 4 , F 5 , and F 7 may be neglected and we are left with four equations for five unknowns. Similar relationships hold for a slow incident stress wave, as shown see Fig. 12(b) , and for incident waves traveling towards the left in layer 2.
For the case shown in Fig. 12 (a) and recalling Eqs. (2.22)-(2.24) and (2.25), the four equations to be solved to find F 1 , F 3 , F 6 , and F 8 as functions of F 2 are
ð4:5Þ
ð4:6Þ
ð4:7Þ Fig. 10 . To illustrate the effect of Gibbs phenomenon, the exact solution and the numerical solution from the DAC algorithm are plotted for the case shown in Fig. 8 . Fig. 11 . Normalized velocity at the point x ¼ 1 as a function of time as was shown in Fig. 8 . In this figure, three examples are shown: non-polar flyer-non-polar target, micropolar flyer-micropolar target, and non-polar flyer-micropolar target. Fig. 12 . Fig. 12(a) shows an incident fast plane wave traveling towards the right in layer 1 and the resulting transmitted and reflected plane waves. Fig. 12(b) 
ð4:8Þ according to Eq. (2.8). The ratios for the slow reflected wave to the incident wave, the fast transmitted wave to the incident wave, and the slow transmitted wave to the incident wave are
respectively. For the case of the same four ratios, but now with respect to the incident slow wave, one would make use of the following four quantities:
since F 4 corresponds to the incident slow wave.
As an example, consider two bars with a normalized (force) stress applied at b
T at x ¼ 0 and rigidly fixed at x ¼ 1, see Fig. 2 . One bar is non-polar, described by the material properties of Eq. (4.3), and the other bar consists of two layers. The bar is non-polar between 0 6 x 6 1=2 and micropolar between 1=2 6 x 6 1. For the two-layer bar, the slow stress wave is the incident wave transmitted through the non-polar body that reaches the interface between the layers. By considering the third and fourth quantities in Eq. (4.10), it is possible to find material parameters that will reduce the stress transmitted across the interface. By equating the stress corresponding to the fast and slow transmitted waves, it is possible to obtain the following parameters:
A 2 ¼ 10:8; B 2 ¼ 10 2 ; C 2 ¼ AE27:57; D 2 ¼ 0:02743 Â 10 2 : ð4:11Þ
By examining the transmission and reflection coefficients obtained via the D'Alembert method, it is discovered that the ratio of the transmitted fast and slow waves to the incident wave is 0.442; the ratio of the reflected slow wave to the incident wave is 0.116. These results are shown in Fig. 13 for a homogeneous bar and a two-layer bar at the positions indicated to the left of the center (a) and to the right of the center (b) of each bar. The results shown in Fig. 13 are obtained by solving the mixed boundary-initial value problem via the Laplace transform approach and using the DAC algorithm. By observation, the results of both approaches are the same, thus confirming the solution techniques employed. That is, the reflected (dashed) stress shown in Fig. 13 (a) has a magnitude of 0.116; both transmitted (dashed) waves in Fig. 13(b) have magnitudes of 0.442.
Summary
A one-dimensional model of a linear, anisotropic, micropolar body subjected to transient loading associated with impact has been presented. In particular, this model has been solved for the case of a two-layer bar subjected to a known stress at one end and rigidly fixed at the other end. Either one or both layers may be considered as micropolar bodies, each of which is described by four model parameters. The model has also been solved for an impact problem consisting of a micropolar projectile and a micropolar target. These results may be used to model high strain rate experiments, such as Kolsky bar tests and plate impact tests, or to give insight into how such materials would behave as armors subjected to blast and/or ballistic impact. A discrete model has also been solved and the model parameters used in the micropolar continuum model have been related to the properties of the discrete model, which are physically more understandable.
By analyzing the solutions to the governing PDEs, we have been able to choose model parameters to control the reflection and transmission coefficients resulting from an impedance mismatch at the interface of two different materials. This allows us to control the transmission of stress that results from blast or impact. For the case of impact, we have also been able to control where the tensile stress wave first appears. This is helpful since materials often fail in tension as a result of the combination of reflected, initially compressive, stress waves caused by impact. These preliminary results suggest the possibility of designing an optimal system that will best withstand the high strain rate loads it will be subjected to in service. This sort of optimization has been done for the case of multi-layered elastic strips by Velo and Gazonas (2003) .
The analysis presented herein has been limited to linear behavior, i.e., requiring small displacements and assuming linear relations between stress and strain. In addition, it has been necessary to assume a periodic microstructure, an assumption that may be valid in the case of an engineered structure but less realistic for the case of a pulverized ceramic. By adding heterogeneity to the discrete model presented in Section 2.4, a homogenization analysis approach may be used to examine the effects of a less regular structure, although a fully random structure necessitates a different approach, see Ostoja-Starzewski and Tre ßbicki (1999), Ostoja-Starzewski and Tre ßbicki (2003) . Even with these approxi- mations, the current work serves as a benchmark for moving to higher dimensions and more complex constitutive relations, where it becomes more difficult to relate micropolar constitutive parameters to physical systems. In this way, the results presented here will guide the development of more advanced models better capable of describing the response of multi-scale materials to impact and blast conditions.
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Appendix. Choosing constants for the micropolar model
In this appendix, the parameters given in Eqs. (4.1) and (4.2) will be calculated. The goal here is to determine model parameters that ensure the following:
The faster wave speed will be twice the magnitude of the slower wave speed (C ¼ 2, see the following justification for this requirement), and the stress corresponding to the slower wave speed will be larger than the stress corresponding to the faster wave speed for the case with no applied couple stress.
In a traditional plate impact test involving non-polar materials, the target material will fail under a tensile load generated at the middle of the target specimen, assuming that the target is twice the thickness of the flyer and both materials are identical. As a demonstration of the nature of the micropolar material as described herein, we have decided to present an example where the initial tensile stress appears at the target-flyer interface, rather than within the target. Since the typical target-length-to-flyer-length ratio equals two, it will be necessary to require C ¼ 2. There are no additional limitations imposed on the solution under these requirements. Since the two bodies are identical, there is no need to specify different properties through the use of subscripts. The ratio of the fast wave speed to the slow wave speed, C, mentioned in the first of the two requirements is defined as Based on the first of Eq. (2.8) and the solutions to Eqs. (2.14) and (2.15) for identical flyer and target materials, the ratios of the stresses corresponding to the fast and slow waves are given by
for the case with no applied couple stress. Next, the ratios of the particle speeds of the two axial waves with no applied couple stress are 
ðA:6Þ
Based on the inequalities in Eqs. (2.9) and (A.1), it follows that C equals zero only when D ! 0 or D ! 1, i.e., the condition of a single wave. In the limit, if C ! 1, C equals AE ffiffiffiffiffiffi AB p based on applying Eq. (A.4) to (A.2); this is a violation of the last inequality in Eq. (2.9).
Therefore, C must be finite and greater than one. Since A; B; C; D P 0, C must be real. In conclusion then, to ensure that C-0, it is necessary for 0 < D < 1 and 1 < C < 1. Now we may consider actual numbers for our model. In addition to requiring C ¼ 2, we will choose D ¼ 0:1 so that T slow > T fast . ðA:8Þ
These model parameters are rewritten as Eqs. (4.1) and (4.2); there are no units associated with these parameters due to the nondimensional formulation of Section 2.1.
